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A closed form solution to the plane problem of the theory of elasticity for an inﬁnite anisotropic bimaterial space
(plane) with a periodic set of the interface cracks with frictionless contact zones near its tips is obtained. By means of
the complex function presentation the problem is reduced to the combined Dirichlet–Riemann boundary value problem
for a sectionally holomorphic function and solved exactly. The equations for the determination of the contact zone lengths
as well as the closed form expressions for the stress intensity factors are carried out. The variation of the mentioned values
with respect to the distance between the cracks is illustrated in table and graphical forms.
 2006 Elsevier Ltd. All rights reserved.
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In recent years, composite materials and adhesive or bonded joints are being used in wide range of engi-
neering ﬁeld. In process of such joints manufacture and exploitation numerous defects occur at the material
interface. In some cases, these defects are distributed periodically or they can be approximately considered as
periodical. As fracture is usually originated from such defects, the problem of the periodic set of the interface
cracks is quite important for the applications.
There is numerous literature dealing with the investigation of interface cracks with contact zones near its
tips that points to the importance of such investigations for the fracture mechanics of composite materials,
because interface cracks are usually the main cause of brittle failure. There are two main models of the inter-
face cracks. First model (oscillatory model) initially assumes that the crack is completely open. Such assump-
tion leads to the oscillatory singularities in the mechanical ﬁelds near the crack tips and, consequently, to the
complex valued stress intensity factors (SIF). Second model (contact model), proposed by Comninou (1977),0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijsolstr.2006.11.042
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the square root singularities in the mechanical ﬁelds at the crack tips and the SIFs acquire the real values.
The contact model, which is physically more adequate, has been widely investigated in the literature and
some important results were obtained for isotropic bimaterials: see e.g., Simonov (1985), Gautesen and Dun-
durs (1987), Dundurs and Gautesen (1988), Gautesen (1993). Particularly, it was shown in these papers that
the contact zone is usually extremely small for a pure tensile loading. However, appearance of the shear ﬁeld
leads to the decreasing or increasing of the contact zone length depending on the shear loading direction. In
some cases the contact zone can attain about 1/3 of the crack length.
The problem of an interface crack between two diﬀerent anisotropic materials is essentially complicated,
and that is why it was not investigated so actively as for isotropic dissimilar materials. An analytical solution
of the problem in question in the framework of the classical interface crack model has been obtained by Cle-
ments (1971) and afterwards explicitly investigated by Ting (1986), Hwu (1993), Qian and Sun (1998). It has
been shown that the assumption of an open crack in most cases leads to the physically unacceptable phenom-
enon of oscillation.
For anisotropic materials the contact model of an interface crack was considered by Wang and Choi (1983)
who reduced the problem to a singular integral equation which was solved numerically. An analytical solution
for interface cracks under a combined tension–shear loading was found by Ni and Nemat-Nasser (1991).
Herrmann and Loboda (1999) obtained the closed form solution for a crack with a contact zone between
orthotropic half-spaces where suﬃciently simple transcendental equations for the contact zone length and
the formulas for the SIFs were deduced. The problem for several interface cracks with contact zones between
dissimilar anisotropic materials was solved by Kharun and Loboda (2004).
The periodic set of the interface cracks between two isotropic materials under ‘‘contact’’ model assumption
has been investigated recently by Kozinov et al. (2006). To the authors’ knowledge for an anisotropic bima-
terial such investigation has not yet been made. In the present paper, an exact analytical solution for the peri-
odic set of the interface cracks with contact zones in an anisotropic bimaterial has been found. Simple
equations for the contact zone length determination and the associated SIFs are presented.2. Statement of the problem
Consider an inﬁnite bimaterial medium containing periodic set of the interface cracks, as shown in Fig. 1.
The materials are assumed to be anisotropic with the compliance constants sðkÞij , where k = 1 is related to the
‘‘upper’’ material and k = 2 to the ‘‘lower’’ one.
The medium is subjected to a uniformly distributed tension–shear (r–s) loading at inﬁnity. It is known
(Comninou, 1977) that interface cracks possess contact zones near tips and these contact zones are, as a rule,
extremely small. As was shown by Gautesen (1993), Kharun and Loboda (2004) one of the contact zones has
negligibly small inﬂuence on the length of another zone and the correspondent SIFs. Therefore, in determining
SIFs at some crack tip, one can take into account the contact zone existing near this tip only. This assumption
essentially simpliﬁes the mathematical analysis of the problem in question. The following denotation isFig. 1. Geometry of the problem.
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between the bonded interface and the contact zone as a and the point between the bonded interface and
the open crack faces as c (see Fig. 1). Additionally, the union of the open crack faces will be denoted as
M, the set of the contact zones as L and the bonded parts of the interface are denoted as U.
The ﬁelds of stresses and displacements for a plane problem of elasticity can be expressed by the formulas
(Lekhnitskii, 1963)uðx; yÞ ¼ AfðzÞ þ AfðzÞ; tðx; yÞ ¼ Bf 0ðzÞ þ Bf 0ðzÞ; ð1Þ
r11ðx; yÞ ¼ 2Re l21f 01ðz1Þ þ l22f 02ðz2Þ
 
; ð2Þwhere t = {r12,r22}
T – stress vector; u = {u1,u2}
T – displacement vector; f(z) = {f1(z1), f2(z2)}
T, fj(zj) – analyt-
ical functions of complex variable zj = x + ljy;A ¼ s11l
2
1  s16l1 þ s12 s11l22  s16l2 þ s12
s12l1  s26 þ s22l1 s12l2  s26 þ
s22
l2

; B ¼ l1 l21 1

;lj – complex roots with positive imaginary parts of the equations11l4  2s16l3 þ ð2s12 þ s66Þl2  2s26lþ s22 ¼ 0: ð3Þ
Above mentioned expressions are correct for the plane stress state. For the plane strain state we must use
sij  si3sj3s33 instead of sij.
For an orthotropic body these coeﬃcients in the principal axes can be expressed via technical characteristics
(Lekhnitskii, 1963). Particularly, for the plane strain state these coeﬃcients have the form:s11 ¼ 1 m13m31E1 ; s12 ¼ 
m12 þ m13m32
E1
; s22 ¼ 1 m23m32E2 ; s66 ¼
1
G12
; s16 ¼ 0; s26 ¼ 0;and for the plane stress state they can be written in the following form:s11 ¼ 1E1 ; s12 ¼ 
m12
E1
; s22 ¼ 1E2 ; s66 ¼
1
G12
; s16 ¼ 0; s26 ¼ 0:Assuming that the contact zones are frictionless and the open crack faces are unloaded, the continuity and
boundary conditions can be written in Cartesian coordinates xy, depicted in Fig. 1, as½tðxÞ ¼ 0; x 2 LþM þ U ; ½uðxÞ ¼ 0; x 2 U ; ð4Þ
rð1Þ12 ðx; 0Þ ¼ s; ½u2ðxÞ ¼ 0; x 2 L; tð1Þðx; 0Þ ¼ t1; x 2 M ; ð5Þwhere t1 = {s,r}; rðkÞij and u
ðkÞ
i – stress and displacement components in the ‘‘upper’’ (k = 1) and ‘‘lower’’
(k = 2) materials;½rijðxÞ ¼ rð1Þij ðx;þ0Þ  rð2Þij ðx;0Þ; ½uiðxÞ ¼ uð1Þi ðx;þ0Þ  uð2Þi ðx;0Þ:
Note that the stresses rðkÞ111 should be applied as shown in Fig. 1 in order to satisfy the continuity conditions at
inﬁnity (Rice and Sih, 1965), but these stresses have no inﬂuence on the fracture mechanical parameters.
3. Complex-function representation for the stresses and displacement jump derivatives along the x-axis
Using (1) and satisfying the continuity conditions (4), the following relations yield:Bð1Þf 0ð1ÞðxÞ  Bð2Þf 0ð2ÞðxÞ ¼ Bð2Þf 0ð2ÞðxÞ  Bð1Þf 0ð1ÞðxÞ; x 2 U þM þ L;
Að1Þfð1ÞðxÞ  Að2Þfð2ÞðxÞ ¼ Að2Þfð2ÞðxÞ  Að1Þfð1ÞðxÞ; x 2 U :The above equations will be satisﬁed if one introduces the analytical in the entire plane function v(z) and
function w(z), analytical in the entire plane except for L [M, by the formulas
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ð1Þf 0ð1ÞðzÞ  Bð2Þf 0ð2ÞðzÞ; y > 0;
Bð2Þf 0ð2ÞðzÞ  Bð1Þf 0ð1ÞðzÞ; y < 0;
(
ð6Þ
wðzÞ ¼ A
ð1Þfð1ÞðzÞ  Að2Þfð2ÞðzÞ; y > 0;
Að2Þfð2ÞðzÞ  Að1Þfð1ÞðzÞ; y < 0:
(
ð7ÞTaking into account that the mechanical ﬁelds take on a zero values at inﬁnity, one can derive v(1) = 0 and
applying Liouvill’s theorem we obtain v(z) = 0 in the entire plane. Thus Eqs. (6) and (7) can be rewritten in the
following form:f 0ðkÞðzÞ ¼ DðkÞw0ðzÞ; f 0ðkÞðzÞ ¼ DðkÞw0ðzÞ; ð8Þwhere DðkÞ ¼ ½AðkÞ  AðmÞðBðmÞÞ1BðkÞ1; m = 1 if k = 2 and m = 2 if k = 1.
Inserting Eq. (8) into Eqs. (1) and (2), the following expressions for the mechanical ﬁelds depending on the
single vector-function w(z) are obtained:rðkÞi2 ðx; yÞ ¼2Re BðkÞij DðkÞjn w0nðzðkÞj Þ
h i
;
rðkÞ11 ðx; yÞ ¼2Re ðlðkÞj Þ2DðkÞjn w0nðzðkÞj Þ
h i
; ð9Þ
uðkÞi ðx; yÞ ¼2Re AðkÞij DðkÞjn wnðzðkÞj Þ
h i
; ð10Þhere summing is carried out over the repeated subscripts. Assuming y = 0 in (9) and (10), one derives the fol-
lowing formulas:tð1Þðx; 0Þ ¼ Gw0þðxÞ Gw0ðxÞ;
½u0ðxÞ ¼ w0þðxÞ  w0ðxÞ; ð11Þwhere G = B(1)D(1).
Expressions (11) can be rewritten in the following form:Ntð1Þðx; 0Þ ¼ UþðxÞ þ CUðxÞ;
S½u0ðxÞ ¼ UþðxÞ UðxÞ; ð12Þwhere U(z) = Sw 0(z), S = NG, C = diag[c, 1/c], N – 2 · 2 matrix with components N 11 ¼  G21þcG21G11þcG11, N 21 ¼ N 11,
Nj2 = 1 and the real constant c is determined by the formulac ¼ G
 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
G2  detG2
p
detG
; G ¼ ReðG21G12  G11G22Þ:It can be shown that U2ðzÞ ¼ cU1ðzÞ, so instead of (12) one can writerð1Þ22 ðx; 0Þ þ nrð1Þ12 ðx; 0Þ ¼ UþðxÞ þ cUðxÞ;
sð½u01ðxÞ  n½u02ðxÞÞ ¼ UþðxÞ  UðxÞ;
(
ð13Þwhere s* = S11, n* = N11, U(z) = U1(z). For the orthotropic bimaterial, which directions of orthotropy coin-
cide with the coordinate axes, coeﬃcients in the Eqs. (13) are determined by the formulas1þ c
1 c
 2
¼ g1g2
g23
; n ¼ i
ﬃﬃﬃﬃ
g2
g1
r
; s ¼
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
g1g2
p
s0ð1þ cÞ ;where g1 ¼
P2
k¼1l
ðkÞ

ﬃﬃﬃﬃﬃﬃ
sðkÞ22
q
; g2 ¼
P2
k¼1l
ðkÞ

ﬃﬃﬃﬃﬃﬃ
sðkÞ11
q
; g3 ¼
P2
k¼1ð1Þk sðkÞ12 þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
sðkÞ11 s
ðkÞ
22
q 
;
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X2
k¼1
ﬃﬃﬃﬃﬃﬃ
sðkÞ22
sðkÞ11
vuut Y2
k¼1
lðkÞ
ﬃﬃﬃﬃﬃﬃ
sðkÞ11
q
þ
X2
k¼1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
sðkÞ11 s
ðkÞ
22
q
2sðmÞ12 þ sðkÞ66 þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
sðmÞ11 s
ðmÞ
22
q 
þ sð2Þ11 sð2Þ22  sð1Þ12  sð2Þ12
 	2
;
lðkÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2sðkÞ12 þ sðkÞ66 þ 2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
sðkÞ22 s
ðkÞ
11
qr
; e  ln c
2p
¼ 1
p
arcth
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
g1g2
p
g3
 
:Substitution of Eqs. (13) into the boundary conditions (5) yields the following boundary value problem:F þðxÞ þ cF ðxÞ ¼ 0; x 2 M ; ð14Þ
ImF ðxÞ ¼ 0; x 2 L:Here, one introduced the functionF ðzÞ ¼ UðzÞ þ ~p expðibÞ; ~p ¼ p
1þ c ; ð15Þin whichp ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðrþ n0sÞ2 þ ðn00sÞ2
q
; b ¼ arctan n
00s
rþ n0s
 
; n0 ¼ Re n; n00 ¼ Im n:Thus the problem has been reduced to the determination of the function F(z). It is analytical in the entire
plane except for segments L [M where the conditions (14) should be satisﬁed.
4. Solution of the boundary value problem
The problem (14), obtained in the previous section, is a periodic combined homogeneous Dirichlet–Rie-
mann boundary value problem. A solution to (14) one presents, according to Nakhmein and Nuller (1992),
in the following form:SðzÞ ¼ ZðzÞeiwðzÞ sinaðz aÞ; ð16Þ
where ZðzÞ ¼ ðsinðzbÞ
sinðzcÞ Þ1=2ie is the canonical solution of the periodic Riemann problem, a is an integer value,
w(z) is a solution of the periodic Dirichlet problemRewðxÞ ¼ hðxÞ; x 2 L; ð17Þ
hðxÞ ¼ pn  arg ZðxÞ þ a½arg sinðx aÞ; ð18Þwhich is ﬁnitesimal in the nodes and at inﬁnity, n± are integer values.
According to Gakhov (1966), the solution to (17) can be written in the following form:wðzÞ ¼ Y ðzÞ
4pi
Z
L
hþðtÞ þ hðtÞ
Y þðtÞ sinðt  zÞ dt þ
1
4pi
Z
L
ðhþðtÞ  hðtÞÞctgðt  zÞdt;where Y ðzÞ ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃsinðz bÞ sinðz aÞp .
Imparting to the n± and a various values, one obtains the set of the canonical solutions, two of whichS1ðzÞ ¼ e
iuðzÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
sinðz cÞ sinðz bÞp ; S2ðzÞ ¼
ieiuðzÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
sinðz cÞ sinðz aÞp ; ð19Þ
are linearly independent, whereuðzÞ ¼  eY ðzÞ
2
Z
M
dt
Y ðtÞ sinðt  zÞ :A general solution of the problem (14) can be written in the following form:F ðzÞ ¼ S1ðzÞPðeizÞ þ S2ðzÞQðeizÞ; ð20Þ
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formP ðzÞ ¼C1 cosðz aÞ þ C2 sinðz aÞ; a ¼ ðcþ bÞ=2;
QðzÞ ¼D1 cosðz bÞ þ D2 sinðz bÞ; b ¼ ðbþ aÞ=2;where C1,C2,D1,D2 are arbitrary real constants.
Substituting (19) into (20), the general solution of the homogeneous mixed Dirichlet–Riemann boundary
problem (14) can be written asF ðzÞ ¼ expðiuðzÞÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
sinðz cÞp
P ðzÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
sinðz bÞp þ i
QðzÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
sinðz aÞp
 !
; ð21Þ where uðzÞ ¼ 2e ln
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
sinðabÞ sinðzcÞ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
sinðacÞ sinðzbÞ
p
þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
sinðbcÞ sinðzaÞ
p .
The real constants C1,C2, D1,D2 are to be determined from the condition at inﬁnity F ðzÞz!i1 ¼ ~p expðibÞ
and the conditions of single-valuedness of displacements which are equivalent to the equality to 0 of the coef-
ﬁcient before 1/z in the expansion of F(z) at inﬁnity.
The satisfaction of above mentioned conditions lead to the following system of linear algebraical equationsMX ¼ V;
whereM ¼
 sin r  cos r  cos r sin r
cos r  sin r  sin r  cos r
t2 þ 4 sin na cos2 fa t1  4 cos na sin2 fa t1 þ 4 cos nb cos2 fb t2 þ 4 sin nb sin2 fb
t1  4 cos na cos2 fa t2  4 sin na sin2 fa t2 þ 4 sin nb cos2 fb t1  4 cos nb sin2 fb


;
V ¼ 1
Cð1þ cÞ frþ n
0s; n00s; 0; 0gT; X ¼ fC1;C2;D1;D2gT:Here, the following designations were used:r ¼ e ln sin fc
sinðb  cÞ þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
sinða cÞ sinðb cÞp ;
C ¼ exp 2e arg
ﬃﬃﬃﬃﬃ
eic
p ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
sinða bÞpﬃﬃﬃﬃﬃ
eib
p ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
sinða cÞp þ ﬃﬃﬃﬃﬃeiap ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃsinðb cÞp
" # !
;
t1 ¼ 4e
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
sinða cÞ sinðb cÞ
p
cosð3b þ cÞ; t2 ¼ 4e
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
sinða cÞ sinðb cÞ
p
sinð3b þ cÞ;
na ¼ 2aþ bþ c; nb ¼ aþ 2bþ c; fb ¼ ða cÞ=2; fa ¼ ðb cÞ=2; fc ¼ ða bÞ=2:5. The expressions for the main characteristics at the interface
Using of Eqs. (13), (15) and the solution (21) lead to the following expressions for the stresses and the dis-
placement jump derivatives at the interface:rð1Þ22 ðxÞ ¼
2 expðpeÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
sinðx cÞp
P ðxÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
sinðx bÞp chð~uðxÞ  peÞ þ
QðxÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
sinða xÞp shð~uðxÞ  peÞ
 !
; x 2 L; ð22Þ
rð1Þ22 ðxÞ þ nrð1Þ12 ðxÞ ¼
ð1þ cÞ expðiuðxÞÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
sinðx cÞp
P ðxÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
sinðx bÞp þ i
QðxÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
sinðx aÞp
 !
; x 2 U ; ð23Þ
½u02ðxÞ ¼
2chðpeÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
sinðx cÞp
P ðxÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
sinðb xÞp cosðuðxÞÞ 
QðxÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
sinða xÞp sinðuðxÞÞ
 !
; x 2 M ; ð24Þ
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ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
sinðbcÞ sinðaxÞ
sinðacÞ sinðxbÞ
q
, x 2 L,uðxÞ ¼ 2e ln
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
sinða bÞ sinðx cÞpﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
sinða cÞ sinðb xÞp þ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃsinðb cÞ sinða xÞp ; x 2 M :6. Contact zone length and the SIFs determination
Eqs. (22)–(24) can be used at any position of the point b, but in order for the obtained solution corresponds
the formulated mechanical problem the following conditions should be satisﬁed:½u02ðbÞ ¼ 0; rð1Þ22 ðx; 0Þ 6 0; x 2 L; ½u2ðxÞP 0; x 2 M : ð25Þ
These conditions mean that the crack faces close smoothly, the normal stress in the contact region is com-
pressive and there is no overlapping of the crack faces.
Making use of Eq. (251) and expanding Eqs. (22) or (24) in Taylor’s series at the point b one can derive the
following transcendental equation for the contact zone length determination:P ðbÞ ¼ 0: ð26Þ
The choice of the required root is provided by the conditions (252) and (253) satisfying. Eq. (26) can be written
as follows:tan
b
2
¼ W
þ
1 ðrþ n0sÞ  W þ2 n00s
W 2 ðrþ n0sÞ  W 1 n00s
; ð27Þwhere W þ1 ,W
þ
2 ,W

1 ,W

2 in the case of the aﬃx of coordinate system coincide with the crack tip c attain the
following form:W 1 ¼ 2ð cos a cosðb r0Þ þ cosðaþ r0ÞÞ sin fc  2ð1þ cos bÞ sinðfc  r0Þ
þ 4e
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
sin a sin b
p
ðsin r0  cosðb  r0Þ sin fcÞ;
W 2 ¼ 4e
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
sin a sin b
p
ð cos r  sinðb  r0Þ sin fcÞ  2 cos r0ð1 cos aÞðsin fc sin b cos fcÞ
 2 sin r0ð1 cos aÞð1 cos bÞ sin fc;
r0 ¼ e ln sin fc
sin b þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
sin a sin b
p :The SIFs at the crack tip a can be deﬁned asK1  iK2 ¼ lim
x!a
ðr22ðx; 0Þ  ir12ðx; 0ÞÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
sinðx aÞ
p
:Making use of Eq. (23), the following formulas for the SIFs yield:K1 ¼ n0K2; K2 ¼ ð1þ cÞD1 cos fc þ D2 sin fc
n00
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
sin 2fb
p : ð28Þ
It is necessary to note that n 0 5 0 for a general case of anisotropy. When the directions of orthotropy coincide
with the coordinate axes n 0 = 0 and, consequently, K1 = 0.7. Numerical results and discussion
In this section some numerical results concerning the periodic set of the interface cracks are presented and
discussed. The length of the crack is denoted as l = a  c. In order to clarify the interaction of the cracks it is
suﬃcient to investigate the inﬂuence of the length of the crack l and the angle b between y-axis and the direc-
tion of the resultant load
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r2 þ s2p ðtan b ¼ srÞ on the relative contact zone lengths ðk ¼ abl Þ and the SIFs at the
tip a of the crack. Parameters b and e (the relative stiﬀness of the materials) vary in the ranges:  p
2
6 b 6 p
2
,
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2p 6 e 6
logð3Þ
2p . Positive (negative) values of the parameter e mean that the ‘‘lower’’ (‘‘upper’’) material is
stiﬀer then ‘‘upper’’ (‘‘lower’’) one.
For the numerical analysis, we consider orthotropic bimaterials which principal directions of orthotropy
coincide with the coordinate axes direction. Corresponding graphs for the bimaterial composed of reinforced
ﬁberglass (orthogonally reinforced 5:1) and ﬁr we denote as I (n* = 0.27i; e = 0.14), silicon and beech as II
(n* = 0.64i; e = 0.09), silicon and ﬁberglass as III (n* = 0.73i; e = 0.08).
In Figs. 2–4 the variations of the contact zone length and the dimensionless SIF K ¼ n00K2=ðp
ﬃﬃ
l
p Þ are
shown for the cases of diﬀerent types of loading uniformly distributed at inﬁnity. In Figs. 2a, 3a and 4a
the logarithmic scale was used for convenience to illustrate the variation of k. As it was expected decreasing
of the distance between the cracks lead to rapid variation of the contact zone length at the crack tips as well as
the SIFs. For the bimaterial I consisting of the most diﬀerent half-planes the contact zone value is essentially
larger than that for the bimaterials II and III which are composed of less diﬀerent materials.
Results for the periodic set of the interface cracks between isotropic materials display similar dependency of
the relative contact zone length and the SIFs on the distance between the cracks (Kozinov et al., 2006).
Moreover, for the isotropic bimaterial under ‘‘open crack’’ assumption (without contact zones) the expres-
sion for the SIFs has the following form (Rice and Sih, 1965):F
FiKos1  iKos2 ¼ ½sinða cÞ1=2þie sin½ða cÞð1=2 ieÞsechðpeÞðr isÞ;and for a homogeneous material it can be reduced to the formula:K1  iK2 ¼ sinðða cÞ=2Þﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
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Fig. 4. Dependency of the relative contact zone length and the SIFs on the distance between the cracks under combined loading with
r ¼ ﬃﬃﬃ3p s.
Table 1
Contact zone length for a single interface crack (denominators) and for a periodic set of the cracks at l/p = 0.00003(numerators)
b = p/2 b = p/6 b = 0 b = p/6
n00 = 0.27; e = 0.14 1:022731010
1:022381010
2:52826106
2:52741106
7:63005106
7:62748106
2:30265105
2:30187105
n00 = 0.64; e = 0.091 5:622801016
5:619891016
3:608631010
3:606761010
1:76411108
1:76320108
8:62404107
8:61958107
n00 = 0.73; e = 0.08 4:856491018
4:853631018
1:117681011
1:117031011
1:63559109
1:63463109
2:39348107
2:39207107
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the same order as the crack length for pure tensile loading even that is not typical to the problem of a single
interface crack.
It is important to note that the values of the relative contact zone length at small l/p ratio coincide with the
correspondent results for a single interface crack. The following transcendental equation for the relative con-
tact zone length k determination was obtained in case of a single crack by Herrmann and Loboda (1999):tan1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 kp rþ 2ems
2er ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ1 kp ms
 !
¼ e log 1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 kp
1þ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ1 kp
 !
; ð29Þwhere m = n00.
The numerical results for a single interface crack are calculated from Eq. (29) and placed in the denomina-
tors of the Table 1 and the associated results for a periodic set of the interface cracks at l/p = 0.00003 are cal-
culated from Eq. (27) and placed in the numerators of this Table.
It can be easily seen that for diﬀerent bimaterial properties and angle b the obtained data coincide with
accuracy more than 0.1%. So good agreement points to the correctness of the results obtained in this paper
for a periodic set of interface cracks.
8. Conclusion
The new exact analytical solution of the boundary value problem to a plane problem for an anisotropic
bimaterial space (plane) with a periodic set of the interface cracks under remote mixed-mode loading has been
found in the framework of contact zone model. The solution method is based on the theory of analytical func-
tions leading to the formulation of the combined Dirichlet–Riemann problem (14). The stresses, SIFs and dis-
placement jumps along the material interface are presented by means of closed-form analytical formulas. The
transcendental Eq. (27) for the determination of the relative contact zone length k has been found and solved
for various material combinations. A comparison of the obtained results with the solution of the similar prob-
lem for a single crack has been performed.
S.V. Kozinov et al. / International Journal of Solids and Structures 44 (2007) 4646–4655 4655The numerical illustrations of the obtained solutions are presented in Figs. 2–4. As a result of the numerical
analysis of Eqs. (27) and (28) it is shown that the relative length of the contact zone as well as the SIFs essen-
tially depends on the distance between the cracks.
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